Abstract In this paper, we first present a notion of almost periodic functions on time scales and study their basic properties. Then by means of Liapunov functionals, we study the existence of almost periodic solutions for an almost periodic dynamic equation on time scales.
Introduction
Recently, many researches have studied the existence of periodic solutions for dynamic equations on time scales [1] [2] [3] [4] [5] [6] [7] [8] . However, few papers have been published on the existence of almost periodic solutions for dynamic equations on time scales. In fact, the existence of almost periodic, asymptotically almost periodic, pseudo-almost periodic solutions is among the most attractive topics in qualitative theory of differential equations and difference equations due to their applications, especially in biology, economics and physics [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Therefore, it is interesting to study the existence of almost periodic solutions for dynamic equations on time scales.
Motivated by the above, our main purpose of this paper is to present a notion of almost periodic functions on time scales and study the existence of periodic solutions for almost periodic dynamic equations on time scales. The results in this paper contains some results obtained for differential and difference equations in [11] [12] [13] [14] .
The organization of this paper is as follows: In Section 2, we introduce some notations and definitions. In Section 3, we study some basic properties about almost periodic functions on time scales. In Section 4, by using the properties of almost periodic functions on time scales and Liapunov functionals, we study the existence of almost periodic solutions to a general almost periodic dynamic equation on time scales.
Preliminaries
In this section, we shall recall some basic definitions, lemmas which are used in what follows.
Let T be a nonempty closed subset (time scale) of R. The forward and backward jump operators r; q : T ! T and the graininess l : T ! R þ are defined, respectively, by rðtÞ ¼ inffs 2 T : s > tg; qðtÞ ¼ supfs 2 T : s < tg and lðtÞ ¼ rðtÞ À t:
A point t 2 T is called left-dense if t > inf T and q(t) = t, leftscattered if q(t) < t, right-dense if t < sup T and r(t) = t, and right-scattered if r(t) > t. If T has a left-scattered maximum m, then T k ¼ T n fmg; otherwise T k ¼ T. If T has a right-scattered minimum m, then T k ¼ T n fmg; otherwise T k ¼ T.
A function f : T ! R is right-dense continuous provided that it is continuous at right-dense point in T and its left-side limits exist at left-dense points in T. If f is continuous at each right-dense point and each left-dense point, then f is said to be continuous on T. We define C½J; R ¼ fuðtÞ is continuous on J}, and C 1 ½J; R ¼ fu D ðtÞ is continuous on J}. For y : T ! R and t 2 T k , we define the delta derivative of y(t), y D (t), to be the number (if it exists) with the property that for a given e > 0, there exists a neighborhood U of t such that j½yðrðtÞÞ À yðsÞ À y D ðtÞ½rðtÞ À sj < ejrðtÞ À sj for all s 2 U. For each t 2 T, let N be a neighborhood of t. Then, we define the generalized derivative (or Dini derivative), D + u D (t), to mean that, given e > 0, there exists a right neighborhood N e Ì N such that uðrðtÞÞ À uðsÞ lðt; sÞ
If t is right-scattered and u is continuous at t, this reduces to
For V 2 C rd ½T Â R n ; R; D þ V D ðt; xðtÞÞ to mean that, given e > 0, there exists a right neighborhood N e Ì N such that 1 lðt; sÞ ½VðrðtÞ; xðrðtÞÞÞ À Vðs; xðrðtÞÞ À lðt; sÞfðt; xðtÞÞÞ
for each s 2 N e , s > t, where l(t, s) " r(t) À s. If t is right-scattered and V(t, x(t)) is continuous at t, this reduces to 
The set of all regressive and rd-continuous functions will be denoted by R. We define the set R þ of all positively regressive elements of R by
If r is regressive function, then the generalized exponential function e r is defined by e r ðt; sÞ ¼ exp ; for s; t 2 T with the cylinder transformation
( Definition 2.1 1. We say that a time scale T is periodic if there exists p > 0 such that if t 2 T, then t AE p 2 T. For T-R, the smallest positive p is called the period of the time scale.
Remark 2.1. By the definition above, if a time scale T is periodic, then sup T ¼ 1, and l(t) must be bounded, and for any t 2 T; lðtÞ 6 p; lðt þ pÞ ¼ lðtÞ.
Example 2.1. Let q > 1, consider the time scale T ¼ fq n : n 2 Zg [ f0g. Obviously, it is not a periodic time scale and we have
So we obtain rðtÞ ¼ qt for all t 2 T and consequently
Hence l(t) fi 1 as t fi 1.
Throughout this paper, we always use T to denote a periodic time scale and E n to denote R n or C n , and use the notation:
T p ¼ fnp : n 2 Zg; if T is a periodic time scale with period p;
& For convenience, we denote sequence {a n } by a and
T a f(t) = lim nfi1 f(t + a n ), if the limit exists. The mode of convergence will be specified at each use of the symbol. 
where ; is the empty set, [a,
Definition 2.3. We say that the function fðtÞ 2 CðT; E n Þ is almost periodic if for any given e > 0, the set Tðf; e; TÞ ¼ fs 2 T p : jfðt þ sÞ À fðtÞj < e; 8 t 2 Tg is relatively dense in T p ; that is, for any given e > 0, there exist an l = l(e) > 0 satisfying that each interval of length l contains at least one s ¼ sðeÞ 2 Tðf; e; TÞ such that jfðt þ sÞ À fðtÞj < e; 8 t 2 T:
The set Tðf; e; TÞ is called e-translation set of f(t), s is called etranslation of f(t).
Remark 2.2. In above definition, if T ¼ R, then this definition converts to the definition of almost periodic functions in continuous case, see [11, 14] . If T ¼ Z, then this definition turns to the definition of almost periodic sequence, see [12, 13, 15, 16] . Definition 2.4. fðtÞ 2 CðT; E n Þ is called an asymptotically almost periodic function on T if fðtÞ ¼ pðtÞ þ qðtÞ; where p(t) is an almost periodic function on T, and q(t) fi 0 as t fi 1.
is said to be almost periodic in t uniformly for x 2 D, or uniformly almost periodic for short, if for any e > 0 and compact set S in D, there exists l = l(e, S) satisfies that each interval of length l(e, S) contains a s such that jfðt þ s; xÞ À fðt; xÞj < e; 8 ðt; xÞ 2 T Â S:
sis called the e-translation number of f(t, x). The e-translation set of f(t, x) for x 2 S is denoted by
Tðf; e;S;TÞ ¼ fs 2 T p : jfðt þ s; xÞ À fðt; xÞj < e; 8 ðt; xÞ 2 T Â Sg:
there exits a 2 T p such that T a f(t, x) = g(t, x) exists uniformly on T Â S, where S Ì D is any compact set} is called the hull of f.
Properties
In this section, we will give some basic properties about almost periodic, uniformly almost periodic and asymptotically almost periodic functions on time scales, respectively.
To introduce the criteria and the properties of uniformly almost periodic functions on time scales, we first establish the following lemmas.
Lemma 3.1. Let fðt; xÞ 2 CðT Â D; E n Þ be almost periodic in t uniformly for x 2 D. Then for any given sequence a 0 ¼ fa k g & T p , there exist a subsequence b Ì a 0 and a continuous function g(t, x) such that T b f(t, x) = g(t, x) uniformly on T Â S, where S is any compact set in D. Moreover, g(t, x) is also uniformly almost periodic.
Proof. If T ¼ R, then Lemma 3.1 is equivalent to Theorem 2.2 in Ref. [14] . Now we assume that T-R; p is period of T.
First, for any given e > 0, there exists an l = l(e/2, S) such that every interval of length l contains an e/2-translation number. Therefore, for any sequence a 0 ¼ a
where s n 2 Tðf; e=2; S; TÞ and c n 2 {0, p, Á Á Á ,n l p}, n l p 6 l. Since the set {0, p, . . . , n l p} is finite, there must be infinite number of c n equal to some c 2 {0, p, . . . , n l p}. Let {a n } be the set of all a 0 n such that c n = c. Then for any two integers p, m and any ðt; xÞ 2 T Â S, we have
jfðt þ s p ; xÞ À fðt; xÞj
This proves that for any given e > 0, compact set S and sequence a 0 , there exists subsequence a Ì a 0 such that the norm of the difference between any two functions from the function sequence {f(t + a n , x)} less than e, for ðt; xÞ 2 T Â S. By Cauchy convergence principle, this shows that the sequence {f(t + a n , x)} is uniformly convergent on T Â S. 
Now we prove that g(t, x) is continuous on
ð3:1Þ
Therefore, there exists positive integer N = N(e 0 , X) such that for n > N, the following inequality holds uniformly for m,
Moreover, for n > N we have
3Þ
Since fðt; xÞ 2 CðT Â D; E n Þ and d m can be arbitrary small when m is sufficient large, for a large enough m we have
From 3.2, 3.3 and 3.4, it is easy to obtain a result which contradicts (3.1). Therefore, g(t, x) is continuous on T Â D. Finally, for any compact S Ì D and any given e > 0, take s 2 Tðf; e; S; TÞ, then for all ðt; xÞ 2 T Â S we have
From this, let n fi + 1, we get jgðt þ sÞ À gðt; xÞj < e; 8 ðt; xÞ 2 T Â S:
Hence, g(t, x) is also uniformly almost periodic. h Lemma 3.2. Let fðt; xÞ 2 CðT Â D; E n Þ. Suppose that for any sequence a 0 & T p , there exists a subsequence a Ì a 0 such that T a f(t, x) exists uniformly on T Â S, where S is any compact set in D. Then f(t, x) is uniformly almost periodic.
Proof. Suppose that the conclusion does not hold. Then there exist an e 0 > 0 and a compact set S 0 Ì D such that for any large l > 0, we can find an interval of length l which contains no e 0 -translation number of f(t, x) for x 2 S 0 . Now we pick a number a 0 1 2 T p and let ½a 1 ; a 1 þ 2ja 0 1 j be an interval containing no any e 0 -translation number, where is an e 0 -translation number. Thus, for any i and j, i " j,
which means that the sequence f t þ a 0 n ; x À Á È É cannot contain any uniformly convergent subsequence. This contradicts the assumption of the theorem. Therefore, f(t, x) must be uniformly almost periodic. The proof of Lemma 3.2 is complete. h
As an immediate consequence of Lemmas 3.1 and 3.2, we obtain that Proposition 3.1. fðt; xÞ 2 CðT Â D; E n Þ is a uniformly almost periodic function if and only if for any sequence a 0 & T p , there exists a subsequence a Ì a 0 such that T a f(t, x) exists uniformly on T Â S, where S is any compact set in D. Furthermore, the limit sequence is also a uniformly almost periodic function.
Since an almost periodic function can be regarded as a special case of a uniformly almost periodic function, from Proposition 3.1, one has Proposition 3.2. fðtÞ 2 CðT; E n Þ is an almost periodic function if and only if for any sequence a 0 & T p , there exists a subsequence a Ì a 0 such that T a f(t) exists uniformly on T. Furthermore, the limit sequence is also a uniformly almost periodic function.
From Propositions 3.1, 3.2 and 3.3, it is easy to prove the following proposition. (i) Let f ðtÞ; gðtÞ 2 CðT; E n Þ be almost periodic functions, then f(t) ± g(t), f(t) AE g(t) are also almost periodic functions. If inf t2T jgðtÞj > 0, then the quotient f(t)/g(t) is almost periodic too.
(ii) Let f ðt; xÞ; gðt; xÞ 2 CðT Â D; E n Þ be almost periodic in t uniformly for x 2 D, then f(t, x)) ± g(t, x), f(t, x) AE g(t, x) are also uniformly almost periodic functions. If inf ðt;xÞ2TÂS OEg(t, x)OE > 0, where S Ì D be any compact set, then the quotient f(t, x)/g(t, x) is uniformly almost periodic too.
Proposition 3.4.
(i) If f ðt; xÞ 2 CðT Â D; E n Þ is almost periodic in t uniformly for x 2 D, then there exists a function F ðr; xÞ 2 CðR Â D; E n Þ which is almost periodic in r uniformly for x 2 D such that F(t, x) = f(t, x) for ðt; xÞ 2 T Â D;
(
Clearly, F(r,
ðT Â SÞ:
If t is right-dense, F(r, x) = f(t, x), for r = t, then jFðr þ s; xÞ À Fðr; xÞj < e=3 < e:
ð3:5Þ
If t is right-scattered, t 6 r < r(t), then t + s 6 r + s < r(t) + s. Noting that 0 6 r À t < r(t) À t = r(t + s) À (t + s) 6 p, we have jFðr þ s; xÞ À Fðr; xÞj ¼ fðt þ s; xÞ þ ðr þ sÞ À ðt þ sÞ rðt þ sÞ À ðt þ sÞ fðrðt þ sÞ; xÞ À fðt þ s; xÞ ½ Àfðt; xÞ À r À t rðtÞ À t ½fðrðtÞ; xÞ À fðt; xÞ ¼ fðt þ s; xÞ À fðt; xÞ þ r À t rðtÞ À t f½fðrðtÞ þ s; xÞ ÀfðrðtÞ; xÞ À ½fðt þ s; xÞ À fðt; xÞgj < jfðt þ s; xÞ À fðt; xÞj þ jfðrðtÞ þ s; xÞ À fðrðtÞ; xÞj þ jfðt þ s; xÞ À fðt; xÞj
From (3.5) and (3.6), we conclude that jFðr þ s; xÞ À Fðr; xÞj < e; 8ðr; xÞ 2 R Â S:
Thus, F(t, x) is almost periodic in r uniformly for x 2 D.
(ii) Let Fðr; xÞ 2 CðR Â D; E n Þ be uniformly almost periodic, then for any sequence a 0 & T p , there exists a subsequence a Ì a 0 such that T a F(t + a n , x) exists uniformly on R Â S, where S is any compact set in D. Consequently, T a f(t + a n , x) = T a F(t + a n , x) exists uniformly on T Â S. In view of Lemma 3.2 and Definition 2.9, this shows that f(t, x) is uniformly almost periodic. h
It follows from Proposition 3.4 that
Proposition 3.5.
(i) If f ðtÞ 2 CðT; E n Þ is an almost periodic function, then there exists an almost periodic function F ðrÞ 2 ðR; E n Þ such that F(r) = f(t) for t 2 T;
(ii) If F ðrÞ 2 CðR; E n Þ is an almost periodic function, then F(t) is an almost periodic function on T.
Remark 3.1. If FðrÞ 2 CðR; E n Þ is a periodic function, we cannot obtain that FðtÞ 2 T Â E n is also a periodic function. For example, F(t) = sint is periodic on R, but it is only almost periodic and not periodic on Z.
Similar to the proof of Proposition 3.4, one can easily show that Proposition 3.6.
(i) If f ðtÞ 2 CðT; E n Þ is an asymptotically almost periodic function, then there exists an asymptotically almost periodic function F ðrÞ 2 ðR; E n Þ such that F(r) = f(t) for t 2 T.
(ii) If F ðrÞ 2 CðR; E n Þ is an asymptotically almost periodic function, then F(t) is an asymptotically almost periodic function on T.
As immediate consequences of above propositions, we have the following results which correspond to the results in the continuous case (see [14, 23] ).
Proposition 3.7. If fðt; xÞ 2 CðT Â D; E n Þ is almost periodic in t uniformly for x 2 D, then f(t, x) is bounded and uniformly continuous on T Â S, where S Ì D is any compact set.
Proposition 3.8. If fðt; xÞ 2 CðT Â D; E n Þ is almost periodic in t uniformly for x 2 D and p(t) is an almost periodic function such that p(t) Ì S for all t 2 T, where S Ì D is any compact set. Then f(t, p(t)) is almost periodic in t.
Proposition 3.9. If fðtÞ 2 CðT; E n Þ is an asymptotically almost periodic function, then its decomposition fðtÞ ¼ pðtÞ þ qðtÞ is unique, where pðtÞ 2 CðT; E n Þ is an almost periodic function and lim tfi1 q(t) = 0. Proof. Suppose fðtÞ 2 CðT; E n Þ is an almost periodic function on T. Then there exists an almost periodic function F(r, x) on R such that F(t) = f(t) for all t 2 T. For any sequence a
FðrÞ uniformly holds on R:
Hence, we obtain T aþb fðtÞ ¼ T a T b fðtÞ uniformly holds on T:
Conversely, by (3.7) we know that for any sequence c 0 & T p , there exists a subsequence c Ì c 0 such that T c f(t) exists on every t 2 T. By Proposition 3.1, it suffices to show that T c f(t) exists uniformly on T. Otherwise, there must exist e 0 > 0, subsequences a 0 Ì c, b 0 Ì c and sequence We take a Ì a 00 such that a, b and s are common subsequence of a 00 , b 00 and s 00 , respectively. Thus, we have T sþa fðtÞ ¼ T s T a fðtÞ holds on t 2 T:
T sþa fðtÞ ¼ T sþb fðtÞ holds on t 2 T;
that is, for each t 2 T,
which contradicts (3.8) if we take t ¼ 0 2 T. This completes the proof. h where S is any compact set in D.
Almost periodic dynamic equations on time scales
Consider the following almost periodic dynamic equation on time scale T: Lemma 4.1. Let f(t, x) be uniformly almost periodic and g 2 H(f). Then there exists a sequence a ¼ fa n g & T p such that a n fi 1 as n fi 1 and T a f(t, x) = g(t, x) uniformly on T Â S for any compact set S Ì D.
Proof. Since g 2 H(f), there exists a sequence a 0 & T p such that T a 0 fðt; xÞ ¼ gðt; xÞ uniformly on T Â S. If a 0 n ! 1 as n fi 1, then we are done by letting a = a 0 . Otherwise, let e n = 1/n and choose r 0 n 2 ½Àa 0 n þ n; Àa n þ k þ lðe n Þ such that fðt þ r 0 n ; xÞ À fðt; xÞ 6 1=n for all ðt; xÞ 2 T Â S:
Then it follows that fðt þ r 0 n ; xÞ uniformly converges to f(t, x) on T Â S as n fi 1, that is, T r 0 fðt; xÞ ¼ fðt; xÞ uniformly on T Â S:
Now by Proposition 3.11, for the sequences a 0 and r 0 there exist subsequences a Ì a 0 and r Ì r 0 such that T aþr fðt; xÞ ¼ T r T a fðt; xÞ ¼ T r 0 T a fðt; xÞ ¼ T a fðt; xÞ ¼ T a 0 fðt; xÞ ¼ gðt; xÞ uniformly on T Â S:
By the choice of r 0 ¼ r 0 n , it is trivial that a 0 n þ r 0 ! 1 as n fi 1. Therefore, by replacing a 0 with a + r, which is a subsequence of a 0 + r 0 , we can fulfill the requirement. h Definition 4.1. If g 2 H(f), we say that
is a hull equation of (4.1).
Theorem 4.1. If /(t) is a asymptotically almost periodic solution of (4.1) on T þ , then (4.1) has an almost periodic solution.
Proof. Since /(t) is asymptotically almost periodic, it has the decomposition /ðtÞ ¼ pðtÞ þ qðtÞ;
where p(t) is almost periodic in t and q(t) fi 0 as t fi 1. By Lemma 4.1, there exists a sequence a 0 ¼ fa
n ! 1 as n fi 1, and T a 0 fðt; xÞ ¼ gðt; xÞ uniformly on T Â S. By Proposition 3.1, there exists a sequence a Ì a 0 such that T a p(t) = w(t) uniformly on T. Since T a fðt; xÞ ¼ T a 0 fðt; xÞ ¼ gðt; xÞ uniformly on T Â S, we have that T a /(t) = T a p(t) = w(t) is an almost periodic solution of the corresponding hull equation
on T. Now T Àa g(t, x) = f(t, x) uniformly on T Â S and T Àa w(t) = p(t) uniformly on T, hence p(t) is an almost periodic solution of (4.1). h Theorem 4.2. If for each g 2 H(f), the hull equation x D (t) = g(t, x(t)) has a unique solution in S, then these solutions are almost periodic. In particular, system (4.1) has an almost periodic solution in S.
Proof. Let /(t) be the unique solution of x D (t) = g(t, x(t)) in S with g 2 H(f). For any given sequence a 0 & T p , we will show that there is a subsequence a Ì a 0 such that T a f(t + a n ) exists uniformly on t 2 T, and hence by Proposition 3.2 we conclude that /(t) is almost periodic.
Note that g 2 H(f) is uniformly almost periodic by Lemma 2.1. Then for a given sequence a 0 & T p we can pick a Ì a 0 such that T a (t, x) = h(t, x) uniformly on T · S. Trivially, h 2 H(g) Ì H(f). Since {/(t + a n )} 2 S, we may choose a subsequence of a, denoted by a again, such that /ðt þ a n Þ ! / Ã ðtÞ on any finite interval of T:
Obviously, / * (t) is a solution of
Suppose that /(t + a n ) is not convergent uniformly on T as n fi 1. On the other hand, there exist some functions u(t) and w(t) such that T sþam /ðtÞ ¼ uðtÞ, T sþa k /ðtÞ ¼ wðtÞ on any interval of T. Since that T am gðt; xÞ ¼ T a k gðt; xÞ ¼ hðt; xÞ, we have T sþam g ðt; xÞ ¼ T sþa k gðt; xÞ ¼ T s hðt; xÞ ¼ lðt; xÞ for some l 2 H(h), taking a subsequence if necessary.
Thus, u(t) and w(t) are both the solutions in S of x D ðtÞ ¼ lðt; xðtÞÞ:
, by the assumption we must have u(t) " w(t). However, it follows from (4.2) that
This is a contradiction. Therefore, /(t) is an almost periodic solution in S of x D (t) = g(t, x(t)). In particular, since f 2 H(f), we conclude that (4.1) has an almost periodic solution in S. h where t 0 2 T. Now, by using Liapunov functions on time scales, we investigate the existence of an almost periodic solution of (4.1) which is uniformly asymptotically stable in the whole, that is, every solution which remains in D in the future approaches the almost periodic solution as t fi 1. To this end, for system (4.1), we consider its product system: (i) a(OEx À yOE) 6 V(t, x, y) 6 b(OEx À yOE), where a; b 2 K with K ¼ fa 2 CðR þ ; R þ Þ : að0Þ ¼ 0 and a is increasing};
:3Þ ðt; x; yÞ 6 ÀcV ðt; x; yÞ where Àc 2 R þ and c > 0.
Moreover, if there exists a solution x(t) of (4.1) such that x(t) 2 S for t 2 T þ , where S Ì D is a compact set. Then there exists a unique uniformly asymptotically stable almost periodic solution p(t) of (4.1) in S. Furthermore, if f(t, x) is periodic with period x in t, then p(t) is a periodic solution of (4.1) with period x.
Proof. Let a ¼ fa n g & T p be a sequence such that a 0 n ! 1 as n fi 1 and T a f(t, x) = f(t, x) uniformly on T Â S. Assume that /(t) Ì S is a solution of (6.1) for t 2 T þ . Then /(t + a n ) is a solution of the dynamic equation
which is also in S. For a given e > 0, choose an integer k 0 (e) so large that if m P k > k 0 (e), we have bð2BÞe Àc ða k ; 0Þ < aðeÞ=2 ð4:4Þ
and jfðt þ a k ; xÞ À fðt þ a m ; xÞj < caðeÞ 2L ; ð4:5Þ
where B is a positive constant such that S Ì {x:OExOE 6 B}. It follows from (ii) and (iii) that
In virtue of (4.4), we have Therefore, by condition (i), we have
This shows that /(t) is asymptotically almost periodic, and thus system (4.1) has an almost periodic solution p(t) Ì S in virtue of Theorem 4.1. By using the Liapunov function V(t, x, y), with the standard arguments, it is easy to show that p(t) is uniformly asymptotically stable and every solution remaining in D approaches p(t) as t fi 1, which also implies the uniqueness of p(t).
In the case where f(t, x) is periodic in t with period x, p(t + x) is also a solution of (4.1) which remains in S. By the uniqueness of solution, we know that p(t + x) = p(t). This completes the proof. h where a(t), p(t) is almost periodic on T; fðxÞ is monotone increasing and f(À1) = À1, f(+1) = + 1. Let l Ã ¼ sup t2T flðtÞg, if there exist constants a, b such that f 0 (x) P a > 0,a(t) 6 Àb < 0 and 2 À l * ab > 0, then there exists a unique uniformly asymptotically stable almost periodic solution of (4.7).
Proof. We first prove that (4.7) has bounded solutions on T þ . Denote the right-hand of (4.7) by F(t, x), it is easy to see that there exists a constant M 0 > 0 such that F(t, M 0 ) < 0, f(t, À M 0 ) > 0 for t 2 T þ . Therefore, the solution of (4.7) with initial value (0,x 0 ) satisfies OEx(t;0,x 0 )OE < M 0 for t 2 T þ while OEx 0 OE < M 0 . For any M > M 0 , we obtain that the set X = {x(t):x(t) is a solution of (4.7) and OEx(t)OE < M for t 2 T þ g-;.
Consider product system: Set c = ab(2 À l * ab), then c > 0 and Àc 2 R þ , so condition (iii) of Theorem 4.3 is also satisfied.
Therefore, by using Theorem 4.3, there exists a unique uniformly asymptotically stable almost periodic solution of (4.7). The proof is complete. h
